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1. Introduction
There have been a lot of papers characterizing the sets of periods, for various classes of self maps,
like (i) continuous self maps of the real line R (see [3]), (ii) polynomials on C (see [1]), (iii) toral
automorphisms (see [5]), (iv) totally transitive maps on I (see [2]) and (v) degree one maps on S1 (see
[7]). In this paper, we determine the same for (a) linear operators on Cn (b) linear operators on Rn (c)
linear operators on the Hilbert space l2 and (d) isometries of Hilbert spaces.
A dynamical system is a pair (X , T), where X is a metric space and T is a continuous self map
on X . We say that a point x ∈ X is periodic if Tnx = x for some n ∈ N, where Tn is the composition
of T with itself n − 1 times. The smallest such positive integer n is called the T-period of x. We
denote the set of periods of periodic points (period set) of T by Per(T). A subset A ⊂ X is called T-
invariant if T(A) ⊂ A. We ask: What is {Per(T) : T is a linear operator} on the spaces (1) Cn, (2) Rn
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and (3) l2? To answer this question, we ﬁrst introduce some simple notations. For A ⊂ N, |A| denotes
the cardinality of A, and A˜ denotes the smallest subset of N containing A and closed under the binary
operation least commonmultiple (lcm). For each n ∈ N, letFn denote
{
{1} ∪ A˜ : A ⊂ N and |A| n
2
}
∪{
{1} ∪ A˜ : A ⊂ N \ {1}, 2 ∈ A and |A| = n+1
2
}
. Note that F2m = {{1} ∪ A˜ : A ⊂ N and |A| m} for all
m ∈ N.
Our main results prove that
(i) F2n is the family of period sets of linear operators on C
n.
(ii) Fn is the family of period sets of linear operators on R
n.
(iii) F =⋃nFn is the family of period sets of linear operators on l2 (see [6] for l2) having ﬁnite
rank(ﬁnite dimensional range).
(iv) {A ⊂ N : A = A˜ and 1 ∈ A} is the family of period sets of isometries on l2.
2. Basic results
Let V be a vector space over a scalar ﬁeld K and W1,W2, . . . ,Wk be its subspaces. Let W = W1 +
W2 + · · · + Wk = {w1 + w2 + · · · + wk : wi ∈ Wi, 1 i  k}. Then we say that W is the direct sum of
theWi if for each j, 1 j  k,Wj ∩ (W1 + · · · + Wj−1 + Wj+1 + · · · + Wk) = {0}. WewriteW = W1 ⊕
· · · ⊕ Wk .
Lemma 1. The set P of periodic points of a linear operator T : V → V forms a subspace ofV. This subspace
is T-invariant. Hence Per(T) = Per(T |P).
Proof. Let P be the set of periodic points of a linear operator T : V → V. Let x, y ∈ P. Then there exist
m,n ∈ N such that Tmx = x and Tny = y. This implies Tmn(x + y) = x + y. Hence x + y ∈ P.
Next suppose x ∈ P and k ∈ K
There existm ∈ N such that Tmx = x since x ∈ P. Then Tm(kx) = kx. This implies kx ∈ P. Hence P is
a subspace of V . Lastly, if x is a periodic point, then so is Tx. Thus P is T-invariant. 
Deﬁnition. LetF andG be two families of subsets ofN. DeﬁneF
∨
G = {A∨B : A ∈ F,B ∈G}where
A
∨
B = {a ∨ b : a ∈ A, b ∈ B} and a ∨ b = lcm{a, b}. Note that ∨n
i=1ki = lcm{k1, k2, . . . , kn} for ki ∈ N.
Lemma 2. Let T : V → V be a linear operator and V = W1
⊕
W2 such that W1 and W2 are T-invariant
subspaces of V. Then Per(T) = Per(T |W1)
∨
Per(T |W2).
Proof. Let n ∈ Per(T). Then there exists x ∈ V having T-period n and x = w1 + w2 for some w1 ∈
W1 and w2 ∈ W2. This implies Tnw1 − w1 = Tnw2 − w2 ∈ W1 ∩ W2 = {0}. Then w1 and w2 are peri-
odic, with T-periods say r1 and r2 respectively. Let l = r1 ∨ r2. Then both r1 and r2 divide n. There-
fore l divides n. But Tlx = Tlw1 + Tlw2 = w1 + w2 = x. Therefore n divides l. Thus l = n. Thus n ∈
Per(T |W1)
∨
Per(T |W2).
Next assume n ∈ Per(T |W1)
∨
Per(T |W2). Then there exist w1 ∈ W1 and w2 ∈ W2 such that w1 is
having T |W1 -period r and w2 is having T |W2 -period s where n = r ∨ s. By a similar argument, we can
show that T-period of w1 + w2 is r ∨ s. This implies n ∈ Per(T). Hence the proof. 
For later use, we state the following two known theorems (see [4]).
Theorem 1 (Primary Decomposition Theorem). Let T be a linear operator on the ﬁnite-dimensional vector
space V over the ﬁeld K. Let p be the minimal polynomial for T , p = p1r1 · · ·pmrm , where the p′is are
distinct irreducible monic polynomials over K and the r′
i
s are positive integers. Let Wi be the null space of
pi(T)
ri , i = 1, . . . ,m. Then
(i) V = W1
⊕ · · ·⊕Wm;
(ii) each Wi is invariant under T;
(iii) if Ti is the operator induced on Wi by T , then the minimal polynomial for Ti is p
ri
i
.
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Theorem 2. If A is a n × n matrix of complex numbers such that some power of A is identity, then A is
diagonalizable over C.
Proof. This follows from Jordan canonical form. 
3. Main results
AsimpleobservationshowsthatF2m = {{1} ∪ A˜ : A ⊂ Nand |A| m}, andF2m+1 = F2m
⋃{{1}⋃ B˜ :
B ⊂ N \ {1}, 2 ∈ B and |B| = m + 1} for allm ∈ N.
Lemma 3. Fm
∨
Fn ⊂ Fm+n for all m,n ∈ N.
Proof. This follows immediately from the fact that Fm ⊂ Fn for all natural numbers m,n with
m n. 
3.1. For linear operators on Cn
Theorem 3. Let T : Cn → Cn be a linear operator. Then Per(T) ∈ F2n. Conversely for every A ∈ F2n, there
is a linear operator T : Cn → Cn such that Per(T) = A.
Proof. Let A = Per(T) for some linear operator T : Cn → Cn, and let M denote the matrix associated
for T .
Case 1.M is similar to some diagonal matrix D.
LetD = diag(d1, d2, . . . , dn) andX = (x1, x2, . . . , xn) ∈ Cn be such thatDpX = X . Thenwehave dpi xi =
xi for 1 i  n.
Let B = {ki ∈ N : dkii = 1 /= d
j
i
∀j < ki, for some 1 i  n} and J = {i : ki ∈ B}. Then the element∑
i∈I⊂J xiδi where δi is the ith coordinate vector in C
n has T-period ∨i∈Iki by Lemma 2 and Theorem 1.
Therefore Per(T) = {∨i∈Iki : I ⊂ J} ∪ {1}. Therefore Per(T) ∈ F2n.
Case 2:M is not diagonalizable.
Note that (T |P)n = I for some n, where P denote the set of all periodic points of T . Then the result
follows fromLemmas 1 and 2 and Theorem2.Hence for any linear operator T : Cn → Cn, Per(T) ∈ F2n.
Conversely suppose A ∈ F2n. If A = {a1, a2, . . . , am} with m n then let dj = e
2π i
aj ∀1 j  m and
D = diag(d1, d2, . . . , dm, 1, 1, . . . , 1). Then Per(TD) = {1} ∪ A˜ where TD denotes the linear operator on
Cn associated for D. Hence the proof. 
Theorem 3 says that, the family of period sets of linear operators on Cn isF2n.
3.2. For linear operators on Rn
In general, the conclusion of theorem 2may not be true for real vector spaces. That is, if A is a n × n
matrix of real numbers such that some power of A is identity then A need not be diagonalizable over
R. Therefore a similar proof as in previous section does not work in the case of Rn.
Theorem 4. Let T : Rn → Rn be a linear operator. Then Per(T) ∈ Fn. Conversely for every A ∈ Fn, there
is a linear operator T : Rn → Rn such that Per(T) = A.
Proof. First part is proved by induction on n, as under.
Any linear operator T : R → R is either an identity map or a reﬂection map or a contraction map
or an expansion map. Hence Per(T) ∈ F1 = {{1}, {1, 2}}. Hence the result is true for n = 1.
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Assume that the result is true for n = m. i.e., Per(T) ∈ Fm for all linear operator T : Rm → Rm. Now
we have to prove that Per (T) ∈ Fm+1 for all linear operators T : Rm+1 −→ Rm+1.
Form = 1,we can prove that Per(T) ∈ F2. Supposem≥2. If theminimal polynomial of T has atleast
two distinct irreduciblemonic polynomial factors then by theorem 1,Rm+1 = W1
⊕
W2 for some non-
trivial proper T-invariant subspaces W1 and W2. By lemma 2, Per(T) = Per(T |w1)
∨
Per(T |w2). By
induction hypothesis, Per(T |w1) and Per(T |w2) belong to Fr for some r≤m. Suppose Per(T |w1) ∈
Fr1 and Per(T |w2) ∈ Fr2 with r1 + r2 = m + 1. Then by lemma 3, Per(T) ∈ Fr1
∨
Fr2 ⊂Fm+1. Next
suppose theminimal polynomial of T has only one irreduciblemonic polynomial factor. If theminimal
polynomial has a real root then this factor is of the form (x − α) for some real number α. Then by
Jordan canonical form Per(T) ∈ F1. If theminimal polynomial has no real root then by Jordanizing, we
get a matrix in which the blocks
(
α −β
β α
)
appear on the diagonal, where α ± iβ are the only eigen
values of T . Then Per(T) ∈ F2.
Hence by induction, Per(T) ∈ Fn for all linear operators T : Rn → Rn.
We next show that for A ∈ Fn there exists a linear operator T : Rn → Rn such that Per(T)=A.
Case 1. When n is even
Then A = {1}⋃ B˜ for some B ⊂ N such that |B| n
2
. Let B = {b1, b2, . . . , bk}, k  n2 .
Deﬁne TA : Rn → Rn as TA(x1, x2, . . . , xn) = (y1, y2, . . . , yn), where (y2i−1, y2i) = ρ 2π
bi
(x2i−1, x2i), 1
i  k and yi = xi∀i > 2k. Then by Lemma 2, Per(TA) = Per
(
ρ 2π
b1
)∨
Per
(
ρ 2π
b2
)∨ · · ·∨Per(ρ 2π
bk
)
∨{1} = A, where ρθ : R2 → R2 denotes the rotation map by an angle θ .
Case 2. When n is odd
Then A ∈ Fn−1
⋃{{1}⋃ B˜ : B ⊂ N \ {1}, 2 ∈ B and |B| = n+1
2
}
. If A ∈ Fn−1 then as in previous case
there exists T : Rn−1 → Rn−1 such that Per(T) = A. Deﬁne TA = T × I : Rn → Rn, where I is the identity
operator on R. Then Per(TA) = A. Next suppose A = {1}
⋃
B˜ for some B ⊂ N \ {1} such that 2 ∈ B and
|B| = n+1
2
. Let B \ {2} =
{
b1, b2, . . . , b n−1
2
}
. Deﬁne TA(x1, x2, . . . , xn) = (y1, y2, . . . , yn), where
(y2l−1, y2l) = ρ 2π
bl
(x2l−1, x2l), 1  l  n−12 , yn = −xn and ρθ : R2 → R2 denotes the rotation map by an
angle θ . Hence Per(T) = A˜. 
Corollary. For every linear operator T on Rn, |Per(T)| 2
[
n+1
2
]
where [ ] denotes the greatest integer
function. This estimate is sharp.
Proof. For every A ⊂ N, |˜A| 2|A| − 1 and equality holdswhen A consists of distinct primes. Hence the
proof follows from above theorem. 
Theorem4 says that, the family of period sets of linear operators onRn isFn, and the above corollary
says that, as T varies over all linear operators on Rn, though there is no common bound to the length
of T-cycles, there is a common bound to the number of T-cycle lengths.
Remark. For every subset A of N (A may not be closed under lcm) we can ﬁnd a map T : Rn → Rn (T
may not be linear) such that Per(T) = A. Contrast this with our main theorem.
3.3. For linear operators on l2
Theorem 5. Let V be an inﬁnite dimensional vector space. Then the following are equivalent for a subset
A of N.
(i) 1 ∈ A and A is closed under lcm;
(ii) A = Per(T) for some linear operator T : V → V.
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Proof. Suppose A ⊂ N satisﬁes condition (i). Let S be an inﬁnite linearly independent set in V. Deﬁne
a map φ : S → S which is a bijection such that, Per(φ) = A \ {1}. Extend φ to a linear operator T on V
such that it is identity on a complementary subspace of span S. Then Per(T) = Per(φ) = A.
Next claim Per(T) is closed under lcm for every linear operator T : V → V.
Let V be an inﬁnite dimensional vector space. Let m,n ∈ Per(T). Let x, y ∈ V be such that the
T-period of x is m, and the T-period of y is n. Let W be the linear span {x, Tx, T2x, . . . , Tm−1x} ∪
{y, Ty, T2y, . . ., Tn−1y}. Then W is ﬁnite dimensional and T-invariant. Therefore Per(T |W) ∈ Fk for
some k ∈ N by previous section. Note thatm,n ∈ Per(T |W) and hencem ∨ n ∈ Per(T |W) because every
member ofFk is closed under lcm. Thereforem ∨ n ∈ Per(T). 
Theorem 6. The following are equivalent for a subset A of N.
(i) 1 ∈ A and A is closed under lcm;
(ii) A = Per(T) for some bounded linear operator T : l2 → l2;
(iii) A = Per(T) for some linear operator T : l2 → l2;
(iv) A = Per(T) for some linear isometry T : l2 → l2.
Proof. Let T : l2 → l2 be a linear isometry. Then Per(T) is closed under lcm by theorem 5. Next
suppose A ⊂ N which satisﬁes condition (i). Let RN be the set of all sequences in R. If A is inﬁ-
nite, say {a1, a2, a3, . . .}, then deﬁne TA : RN → RN such that TA((xn)) = ((yn)) where (y2n−1, y2n) =
ρ 2π
an
(x2n−1, x2n), xn ∈ R for all n ∈ N and ρθ : R2 → R2 denotes the rotation map by an angle θ . If A is
ﬁnite, take same type of rotations for all elements of A and deﬁne TA as above, with the modiﬁcation
ym = xm for allm > 2|A|. Then l2 is a TA-invariant subspace ofRN and TA =
∏
n ρ 2π
an
. Hence Per(TA) = A.

Theorem 7. The following are equivalent for a ﬁnite subset A of N.
(i) 1 ∈ A,A closed under lcm
(ii) A = Per(T) for some linear operator T : l2 → l2 having ﬁnite rank.
Proof. Proof follows from previous section since the set of all periodic points P for linear operator
having ﬁnite rank is ﬁnite dimensional. 
Theorem 7 says that, the family of period sets of linear operators on l2 having ﬁnite rank is F =⋃
nFn, and theorem6says that, the family of period sets of isometries on l
2 is {A ⊂ N : A = A˜ and1 ∈ A}.
4. Summary
For each self map f on a set X , we associate a subset of N as follows:
Per(f ) = {n ∈ N : ∃x ∈ X such that f n(x) = x /= f mx∀m < n}, where f is arbitrary, but belongs to a
certain nice class of function, then not all subsets of N may arise as the set of periods.
It is natural to ask: Which subsets of N arise as Per(f), for some f in that class? We answer this
question, for some classes of linear operators, as shown in the following chart.
The class of maps, n ∈ N Period sets
Linear operators on Cn F2n = {{1} ∪ A˜ : A ⊂ N and |A| n}
Linear operators on R2n same as above
Linear operators on R2n+1 F2n ∪ {{1} ∪ A˜ : A ⊂ N \ {1}, 2 ∈ A and |A| = n + 1}
Linear operators on l2 having ﬁnite rank F =⋃nFn, whereFns are as in introduction
Isometries of l2 {A ⊂ N : A = A˜ and 1 ∈ A}
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